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INTRODUCTION 
Let Cover A be a purely inseparable Galois ring extension of exponent one. 
Let R over A be a faithfully flat ring extension. In this paper, we give a simple 
explicit description for the (modified) Brauer group of central separable 
A-algebras split by both C and R. In case C over A is a simple field extension, 
this is given in [16, Theorems 3.5 and 3.61. From this special case of our 
theorem, the complete theory of p-algebras due to Albert and others can be 
deduced. 
Classically, if K is a Galois extension of F, the Brauer group g(KIF) is 
isomorphic to the group E(K, G) of classes of group extensions of K* by the 
Galois group G of K over F and to the second Galois cohomology group 
H2(G, K*). 
Serre asked whether one could obtain an analogous result when K over F 
is a purely inseparable exponent one field extension. Hochschild answered 
this in the affirmative by showing that the group extensions could be replaced by 
restricted Lie algebra extensions of K bythe algebra of derivation& of K over 
F; he obtained an isomorphism between 93(K/F) and E(K, D), [IO, p. 4771. 
Amitsur [2, p. 741 introduced a complex that enabled him to give a 
cohomological description of 9(K/F) when K over F is a purely inseparable 
exponent one field extension. He proved that 92(K/F) is isomorphic to 
H*(K/F, U), the second cohomology group of his complex. 
In the exponent one purely inseparable case, Hochschild’s results allow an 
additive description for a(K/F), namely, that GY(K/F) is the quotient group 
of F modulo the image Z of a certain norm homomorphism K+ L F+. 
Thus, for purely inseparable exponent one field extensions, the following 
isomorphisms were known: 
B(K/F) gg *(K/F) g E(K, D) g F/Z. 
The group F/Z has the special advantage that it is explicitly computable. 
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Recently, Yuan [18, pp. 427-4501 g eneralized certain of these results to 
rings. For C, a purely inseparable exponent one Galois ring extension of A, 
he showed that @(C, A) s E?(C/A) g E(C, D), where @(C, A) is the 
Chase-Rosenberg group [7, pp. 38-451 that coincides with the Brauer group 
when working over fields. 
Of course, the natural question to ask was whether, in the purely inseparable 
ring case, a similar additive description is possible for @(C, A), H2(C/A), and 
E(C, 0). In the present paper, we show that this is indeed the case, thus 
obtaining the following generalization of the classical theory: 
Qqc, A) gg fP(C/A) G E(C, D) G A/Z. 
The importance of A/Z can be seen by observing the role that 2 plays in the 
logarithmic derivative complex. 
~:(1)+4*+C*4c+zA+(0), 
where Z is defined as the image of y,, . Thus, A/Z is a measure of the lack of 
exactness of the logarithmic derivative complex 9 at&. SinceYuan[l7, p.451 
described the lack of exactness of 9 at C+, our description of A/Z will com- 
plete the study of exactness of 3. 
In the second part of the paper, we follow a homological approach to 
extend our earlier results. This is achieved by splicing together the two long 
exact sequences of cohomology of a certain four-term logarithmic complex 
to obtain the following exact sequence: 
(0) -+L(C/A) + Hl(R/A, U) -+ H1(R @ C/C, U) 
4 
P(R @ c/c, U) +- zP(R/A, U) +- J, 
where L(C/A) denotes the cohomology at C* of the logarithmic derivative 
complex 9 and J is an explicitly defined subgroup of A/Z. The image of J 
in @(A/A, U), therefore, consists of all 2-cocycles split by both R and C. 
When R is a separable A-algebra, this result provides a very accurate picture 
of the interplay between separable and inseparable splitting rings of central 
separable algebras. Also, when R coincides with C, we recover the facts that 
L&‘/A) s H-I(C/A, U) and A/Z s H2(C/A, 77). 
We now proceed to define the modified Brauer group, a(C, A). Consider 
the collection of central separable A-algebras S that contain C as a splitting 
A-subalgebra; that is, S contains C as a maximal commutative A-subalgebra 
and S is projective as a C-module. Two such algebras S and T are called 
admissibly isomorphic, denoted by S N T, if there exists an A-algebra 
isomorphism between S and T that pointwise fixes the elements of C. The 
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relation “&’ is an equivalence relation on the set of central separable 
A-algebras containing C as a splitting A-subalgebra and we denote the 
equivalence class determined by such an S by {S). The set of all these 
admissible isomorphism classes is denoted by 0L(C, A). 
Given S and T central separable A-algebras containing C as a splitting 
A-subalgebra, we regard S and T as left C-modules, and we regard S @o T 
as a right S GA T-module; that is, S=.S, T=.T, and S&T= 
(S @ CT)SOAT. Then define 
S * T turns out to be a central separable A-algebra containing C as a splitting 
A-subalgebra [7, p. 381. This gives rise to a binary operation on @C, A) 
defined by 
W * CT) = <S * 0 = <En4-~aT(S OC W 
In fact, this operation makes GY(C, A) into an abelian group whose identity is 
(EndA(C 
Now, this group 6l!(C, A) is obviously very closely related to the “classical” 
Brauer group g(C/A). In fact, by [3, p. 3831, given that [SJ E B(C/A), 
there exists (T) E GY(C, A) such that [S] = [T]. The complete picture is 
given by the following exact sequence: 
(0) -+ B(C/A) --+@(A) -+ P(C) : @(C, A) kl(C/A) -+ (0), 
where B(A) and P(C) are the projective class groups of A and C, respectively, 
9(19/A) is the kernel of the canonical homomorphism from B(A) to Y(C), 
the map u is defined by 
+W = <Ed&W, for .M E P(C) 
and the map T is defined by 
T(V)) = [XL for (S) E Q!(C, A). 
From this exact sequence, we can easily see that when g(C) = (0), as 
when we work over fields, 6Y(C, A) coincides with a(C/A). Therefore, the 
results we obtain using GY(C, A) for rings will generalize the results using the 
Brauer group for fields. 
The final portion of the paper is devoted to a computation of the Brauer 
group of a polynomial ring, generalizing a theorem of Auslander and 
Goldman [3, p. 3891. 
Throughout this paper, all rings are commutative and of characteristic p, 
unless specified otherwise, and the symbol @ will mean @)A , the tensor 
product over A. 
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1. THE DETERMINATION OF THE BRAUER GROUP 
Let a be a derivation on a (commutative) ring C of prime characteristic p 
and let A denote the kernel of 8. Assume that C is a finitely generated 
projective A-module and that End,(C) = C[a]. Then, a satisfies a polynomial 
X(t) = sot + ap + . . . + QPt + . . . + “&Pm, 
with 01~ EA. Moreover, 
(fE CM I f(8) = 01 = X(t) * WI 117, P. 4.4 
Let Cc-t; a] denote the differential polynomial ring defined by 
tc - ct = ac, c E c. 
Now, by an inductive argument, we see that 
P-c = ctr -j- (;) (ac) t-1 + (5) (a%) t-2 + I*- + (a?). 
Thus, t% = ctp + a%, so X(t) - a lies in the center of C[t; 81, for each 
a G A. Therefore, for each a E A, we write 
S = C[t; a]/(X(t) - a), 
where (X(t) - a) denotes the ideal of C[t; a] generated by X(t) - a. 
THEOREM 1. Let C be an A-algebra such that C is jinitely generated and 
projective as an A-module and End,(C) = C[a]. Then, for any a E A, the 
A-aZgebra S = C[t; al/(X(t) - ) a is central separable and contains C as a 
splitting A-subalgebra. 
Proof. For each maximal ideal M of A, let (X(t) - 8) denote the ideal of 
C/MC[t; a] generated by x(t) - -, a w h ere 8 is the canonical derivation on 
C/MC induced by 8 and x(t) - z denotes the image of X(t) - a in 
C/MC[t; 31. 
Now, it is straightforward to verify that the mapping X given by 
X(x, c#) = -& (ci + MC) ti is an isomorphism between S/MS and 
C/MC[t; 2]/@(t) - a). Th is enables us, then, to restrict our attention to 
C/MC& 81/(X(t) - a). Th e next step is to determine an important property 
of C,lMC. The following lemma, given in more generality than is actually 
needed here, will help us to accomplish this. 
LEMMA 1. Let R be a $&e-dimensional algebra over a $eld F and let 
End,(R) = R[a], where 8 is an F-derivation on R. Then, BO proper nontrivial 
ideal of R is stable under a. 
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Proof. Suppose that J is a proper nontrivial ideal of R such that a(J) _C J. 
Let {er , es ,..., er} be an F-basis for J. Extend it to R so that J = xi=, @ Fei 
and R = Cy=, @Fe,, where 1 < I< n. Define f E End,(R) such that 
f(eJ = eifl , i = 1, 2, . . . , n - 1 and f (e,) = e, . Clearly, f (J) $ J. But since 
End,(R) = R[a], we havef = &,, riP. So for each x E J,f(x) = Ci=, r,Z(x). 
But each r,P(x) is an element of Jfor i = 0, 1, 2,..., t. Hence,f(J) 5: J. This 
contradiction establishes our result. 
PROOF OF THEOREM (continued). To see that S is a central separable A- 
algebra, we begin by taking any 01 E AIM and observing that at = tol, so A/M 
is a subset of the center Z ‘of C/MC[t; 21/(x(t) - a). Conversely, take any 
d = CL, diti, n <pm, in 8. Then, for each c E CjiVC, the Lie product 
[d, c] = 0. However, [d, c] = CL1 di[Cix, (5 & . t”-i - c ‘m ti], showing 
that Cy=, disc, the coefficient of to, is zero for all c E C/MC. Then, 2 satisfies 
a polynomial of degree n < pm. Thus, G%’ cannot have any element of positive 
degree, and d = do E C/MC. Moreover, this shows that [d, t] = 0, which 
gives d E A/M. Therefore, X = A/M. 
Now, let I be a proper ideal of C/MC[t; 21/(x(t) - g). Then I = 
K@?(t) - iz), h w ere K is a proper ideal of CjMC[t; 81. But K n C/MC is 
a proper ideal of C/MC and it is straightforward to see that it is closed under 2. 
Thus, by Lemma 1, K has no nonzero elements in common with C/MC. 
Now, if K # (X(t) - a), the fact that the degree of [m, c] is strictly less than 
the degree of m, for any m E K/(x(t) - a), implies that [m, c] = 0 for each 
c E C/MC, a contradiction. 
The fact that S is projective as a C-module is obvious from its very 
definition. To see that S contains C as a splitting A-subalgebra, consider the 
canonical A-algebra, C-module homomorphism 
p: C[t; a] + C[a] = End,(C) 
determined by p(t) = a. Now, for any d = Cy=, diti, where n < pm and some 
di # 0 for i > 1, we have p(d) a nonzero element outside of C. But since 
End,(C) is a central separable A-algebra containing C as a splitting A- 
subalgebra, there must exist some c E C such that [c, p(d)] # 0. But this 
immediately implies that [c, d] # 0. Thus, S contains C as a splitting 
A-subalgebra and our proof is complete. 
We now define a mapping !Pz A --t GY(C, A) by Y(u) = (C[t; a]/(X(t) -a)). 
Theorem 1 actually says that our mapping Y exists. The following theorem 
completely describes the form of central separable A-algebras with C as a 
splitting A-subalgebra and will enable us to conclude that Y is surjective. 
THEOREIVI 2. Let C be an A-algebra such that C is jirzitely generated and 
projective as an A-module and End,(C) = C[a]. Let R be a central separable 
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A-algebra with C as a splitting A-subalgebra. Then, R is of the form 
C[t; al/(X(t) - a), for some a E A. 
Proof. Let R be a central separable ,A-algebra with C as a splitting 
A-subalgebra. By [8], 8 can be extended to an inner derivation on R, deter- 
mined by some p E R. It is straightforward to show that X(p) . c = c . X(p) 
for all c E C, so X(p) E C. Then, by applying a, we obtain a(X(p)) = 0, so 
X(p) E A. Thus, u/(X(p)) = <C[t; al/(X(t) - X(p))}. Now, if we let T 
denote C[t; #(X(t) - X(p)), then the A-subalgebra of R generated by C 
and p is a canonical homomorphic image of T. It follows that T s C[p] and 
that C[p] has the same A-rank as R. Therefore, T s f3. and we obtain the 
desired result. 
THEOREM 3. The mup Y: A --+ G?(C, A), defined by 
WI = <C[t; WW) - a)>, 
is a group epimorphism. 
Proof. Let Sat denote C[t; al/(X(t) - a,), for i = 1, 2, and let S denote 
C[t; L?]/(X(t) - (aI + aa)). I f  U = Sal @ Saz and if V = Sal & S*z, then 
End,0 V is. the product Sal * Pa used in a(C, A). We denote Enduo V by 3, 
so B = Sal * S% Our aim is to show that B is isomorphic to S, for this will 
establish our theorem. 
‘Using the description of B as given in [IS, p. 4361, we see that the A-map 
defined by t 2 t @ 1 + 1 @ t takes S to B. But the kernel of this map is 
of the form ,&!i’, where p is an ideal of A, [3, p. 3751. But for any b E/J, we have 
0 =f(b.l) =b, so the kernel off is (0). This means that S can be identified 
with a subring of B. 
Since we now have a two-sided S-module structure on B, we obtain 
Bg Hom,,(S, B) @A S = BS @A S. However, BS C C and each element 
of BS commutes with each element of S, so BS is contained in the center of S, 
which is A. But this directly implies that BS = A, so we obtain B r S. 
Finally, .using this result, we can directly compute Y(a, fr a& to obtain 
Y(a, + aJ = (S) = (B) = Y(a,) * Y(aJ, which completes the proof. 
In [17, p. 411 Yuan describes the logarithmic derivative complex 
2E(l)+A*k*4C+3A++(O), 
where A* and C* denote the groups of units of A and C, respectively, A+ 
and C+ denote the additive groups of the resp’ective rings, j ,is the canonical 
inclusion, 6, is the logarithmic derivative homomorphism defined by 
qc) = a+, CEC, 
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and 7s is the additive homomorphism from C+ to A+ defined by 
The map y,, has the property that X(8 + AC) = An(c) for each c E C, 
where A denotes the (left) multiplication map, [17, p. 411 and [5, p. 2011. 
The homology group of 3’ at C+ is Ker y,,/Im 6, and is referred to as the 
logarithmic derivative group,L[C/A). In [17, p. 451, Yuan foundL(C/A) to be 
isomorphic to the projective class group 9(C/A), thus providing a measure 
of the lack of exactness of 9 at C+ in terms of the classes of rank one 
projective A-modules split by C. This result, of course, extends the corre- 
sponding result of Jacobson [ll, p. 2241 because Ker y0 = Im 6, when C is 
a finite-dimensional field extension over A and X(t) is the characteristic 
polynomial for a. 
One of our aims in this paper is to measure how far we are from exactness 
at A in the logarithmic derivative complex 3. We denote the image of 3/a 
by 2 and we compute A/Z. 
THEOREM 4. The sequence of groups C ‘% A 5 0l(C, A) -+ (0) is exact. 
Proof. Take any z E 2. Then, there exists c E C such that y,,(c) = z. It is 
straightforward to show that the mapping A: C[t; al/(X(t) - x) -+ 
CP; W(X(tI) d e ermined t by h(t) = t + c is an A-algebra isomorphism, so 
Z_CKer Y. 
Now, for any a E Ker Y, there is an A-algebra isomorphism 
9: C[t; al/(X(t) - a) --+ End,(C) 
with the property that for each c E C, 9(c) = AC, where AC denotes left 
multiplication by c. It is easy to see that (F(t) - a) AC = &(9(t) - a), 
and since g(C) is a splitting A-subalgebra of End,(C), we obtain 
F(t) - 3 = AZ, for some x E C. Then yO(x) = a, and our proof is complete. 
COROLLARY. Let C be an A-algebra such that C is jkitely generated and 
projective as an A-module and End,(C) = C[a]; let Z denote the image of the 
map yO: C -+ A of the logarithmic derivative complex; let GY(C, A) denote the 
Chase-Rosenberg “modified Bra& group”; let W(C/A, U) denote the second 
Amitsur cohomology group of C over A; and let E(C, D) denote Hochschild’s 
group of regular restricted Lie algebra extensions of C by D. Then 
A/Z g fl(C, A) s H2(C/A, U) z E(C, 0). 
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Remark 1. In the special case when C over A is a simple field extension, 
the isomorphism 
@(C, A) ss A@ P-k + cp j c E C] 
is due to Hochschild [lo, p. 4891. A different proof for this special case may be 
found in the book by Demazure and Gabriel on algebraic groups [8, p. 470, 
Corollaire 9.91. 
Remark 2. The theory developed here can also be formulated in terms of 
the Cartier operator that is closely related to our map y0 . The approach 
given here has the advantage of being very explicit. 
2. SPLITTING RINGS OF CENTRAL SEPARABLE ALGEBRAS 
A basic theorem in the classical theory of simple algebras is that every 
central simple algebra has a separable splitting field. In [l, p. 2761, Amitsur 
gave a description for the Brauer group of central simple A-algebras split 
by a pair of Galois extensions C and R. If R is a separable field extension 
and C a simple purely inseparable field extension, an additive formula for 
this Brauer group is given in [16, Theorem 3.61 and this formula plays a key 
role in the theory developed there. In the following, we extend this formula 
to the setting of commutative rings. 
Let F be a covariant functor from the category of (commutative) A- 
algebras to the category of abelian groups. Given an A-algebra R, the 
Amitsur complex V(R/A, F) of R/A with coefficients in F is defined as follows: 
V”(R/A, F) = F(R”“), fZ>,O 
and the coboundary operator 
d,: F(R”+l) * F(R”+z) 
is defined by 
a+1 
d, = C (-l)iF(E& 
i=O 
where Ei is the ith face operator 
given by 
x0 o- @ x, t--+ x0 @ - @ xi-1 @ 1 @ Xa @ - 0 x, * 
The nth cohomologp group of %‘(RIA,F) is denoted by IP(R/A,F). In the 
following, G will denote the functor that assigns to a given A-algebra R itr 
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underlying additive group R+ and U will denote the functor that assigns to 
each such R its group R* of invertible elements. 
Now, as before, let 8 be a derivation on a (commutative) ring C of prime 
characteristic p and denote by A the kernel of 8. Assume that C is finitely 
generated and projective as an A-module and that Hom,(C, C) = C[a]. 
According to [16, p. 2841, for any A-algebra R, there is a four-term complex 
(O)+R*+(R@C)*+R@C+R+(O). 
Replacing R by R @ R, R @ R @ R, etc., it is straightforward to show that 
we obtain the sequence of complexes 
(0) -+ V(R/A, U) + %?(R @ C/C, U): $?(R @ C/C, G) : @(R/A, G) --+ (0). 
Let 9 denote the image of 6 and let 9 denote the cokernel of 6. Thus, 
we obtain two short exact sequences of complexes: 
(0) + @VW, U) + V(R @ C/C, 72) -+ 9 --+ (0), (1) 
and 
(0)-+9+%?(R@C/C,G)-+~+(O). 
By passing to cohomology, (1) and (2) yield the exact sequences 
(2) 
(0) --)I A* + C* -r; HO(S) --+ Hl(R/A, U) --+ H1(R @ C/C, U) 
4 (3) 
Hs(R/A, U) t H2@) + H2(R @ C/C, U) c H2(R/A, U) +-- Hl(@, 
and 
(0) -+ Ho(g) -+ H”(R @ C/C, G) + HO@?) -+ HI(g) 
4 (4) 
H2(R @ C/C, G) +- H2(9) + HI(B) t H1(R @ C/C, G). 
THEOREM 5. Assume that R is faithfully flat as an A-module and that the 
Picmdgroups B(R @ C/R) and 8(R2 @ C/R”) are trivial. Then, the following 
sequence is exact: 
(0) +L(C/A) + -(R/A, U) -+ H1(R @ C/C, U) 
4 
H2(R @ C/C, U) t H2(R/A, 72) +-A n go/Z, 
where Z denotes the image of y and L(C/A) denotes the logarithmic derivative 
group. 
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We first record the special case R = C as a 
COROLLARY. Hl(C/A, U) s L(C/A) and H”(C/A, iJ) gg A/Z. 
Proof of Theorem. Since R is faithfully flat over A, V(,R @ C/C, G) is 
cohomologically trivial [14, Lemma 2.2, p. 2241. Thus, from (4), we obtain 
the exactness of 
(0) -+ H”(9) + C -+ Ho@‘) -+ H1(9) + (0). (5) 
Now, it follows from the assumption on the Picard groups that the two lower 
rows of the diagram below are exact: 
(R3@C)*7R3@C+R3 
t t T 
(R2@C)*yRZ@C+R2 
t f t 
(R@C)*7 R@C-+R. 
So @, i = 1,2, is just the image of Ri @ C in Ri. 








we obtain S’(9) = A n 9, because HO(R/A, G) is just A. In (5), if we 
replace H@(B) by A n 30, we obtain the exactness of 
(0)-t Hop)+ CL(A n 9O)-t Hip) -+(O). 
In particular, 
HO(g) = Kernel{C 2 A), 
and 
Ill@) = (A n SO)/Z, where Z = Image(C z A}. 
By substituting these two equalities into the exact sequence (3), we have the 
exactness of the sequence 
(0) -+ A* + C* T (Kernel y) --f Hl(R/A, U) -+ H1(R @ C/C, lJ) 
I 
H2(R @ C/C, U) +- H2(R/A, U);t- (A n SO)jZ, 
which of course completes the proof of the theorem. 
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In the special case when R = C, Hi(C @ C/C, U) is trivial for each i > 0, 
since the kernel of the mapping C @ C + C, given by x @ y  -+ xy, is 
nilpotent [14,Proposition 3.3, p. 2251. It follows from this that W(C/A, U) 
is isomorphic to L(C/A) and W(C/A, U) is isomorphic to A n 59/Z. We 
show that go coincides with C, thus obtaining the result that IzF(C/A, U) 
is isomorphic to A/Z. Now, according to Theorem 4 of the preceding section, 
the cokernel of the map C2 L C is isomorphic to cJ!(C @ C, C). Again, 
since C @ C is obtained from C by adjoining nilpotent elements, 67(C @ C, C) 
is trivial [19, Lemma 31. This shows that y  is an epimorphism, as desired. 
3. THE BRAUER GROUP OF A POLYNOMIAL RING 
Given a polynomial ring A = K[t, , -, tr] over a field K, we have two 
K-algebra homomorphisms 
K=+A:K, where g, is given by ti w 0. 
The induced map v*: @(A) + 9(K) is onto because the restriction of y  to K 
is the identity map. According to [3, p. 3911, y, is an isomorphism on all 
Z-primary components with 1 distinct from the characteristic p of K. 
THEOREM 6. The map go*: g(A), + 9?(K) is an isomorphism if and only 
if Y = 1 and K is perfect. 
Proof. I f  Y > 1, we claim that v* is never one-one. Let B denote the 
A-algebra A[s] defined by the sole relation sp = tl . Since A is a unique 
factorization domain, the Brauer group g(B/A) is isomorphic to the modified 
one that is just A/{Wlx + xp 1 x E B}, where a is the A-derivation on B 
defined by 8s = 1. Now, it is easy to verify that t, is not zero modulo 
(%-% + xp j x E B). Since v* takes the central division algebra defined by t, 
to zero, it is not one-one. 
Now, assume that Y = 1 and that K is not perfect. So K has a simple purely 
inseparable field extension E = K[ u with #E K. If  a is the A = K[t,J- ] 
derivation on E[t,] defined by aa = 1, exactly the same computation as above 
shows the nontrivial algebra class given by tl is mapped to zero by v* . 
Again, v* is not one-one. Thus, for v* to be one-one, the conditions r = 1 
and K being perfect are necessary. That these two conditions are sufficient is, 
of course, proved in [3, p. 3891. 
Remark. The referee of this paper has informed me that the preceding 
result is also known to Goldman (unpublished). 
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